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B. Pietrzyk, B. Trocmé
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Abstract. Bose-Einstein correlations are studied in pairs of charged pions from hadronic Z decays, collected
by the ALEPH detector. The correlation function, measured using either the unlike-sign or the mixed
reference sample, is studied in terms of the Lorentz-invariant four-momentum difference and its transverse,
QT, and longitudinal, QL, components with respect to the longitudinal centre-of-mass system. Values
for the correlation radii, RT and RL, are obtained from the fit of the Goldhaber parametrisation. The
results indicate that the correlation radii values depend on the chosen kind of reference sample and on the
two-jet purity.
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1 Introduction

Bose-Einstein correlation (BEC) leads to an enhancement
of the two-particle differential cross section for bosonswhich
are close in phase-space. First experimental evidence for
BEC was reported by Goldhaber et al. [1] for π±π± pairs
produced in pp̄ annihilations. Since then this phenomenon
has been studied over a wide range of centre-of-mass ener-
gies for hadronic final states produced by different initial
states [2–6]. BEC has become an important tool to investi-
gate the space-time characteristics of the boson production
region in hadronic events.

Previous analyses of BEC in hadronic Z decays at LEP
have studied this phenomenon in terms of the two-particle
correlation function C2(Q), where Q =

√−(p1 − p2)2 is
the Lorentz-invariant four-momentum difference of a pair
of particles, assuming a spherically symmetric shape of the
boson emission region [7–10].

According to the Lund string model [11] this reflects
only a simplified picture of the true source shape, since
this model predicts a difference between the longitudinal
and transverse correlation lengths with respect to the jet
axis in e+e− events [12]. In order to test these predictions,
the shape of the BEC function has been studied by the
DELPHI [13], L3 [14] and OPAL [15] collaborations using
two- and three-dimensional distributions of components of
Q, showing an elongation of the boson source region with
respect to the jet axis.

In this paper a detailed analysis is presented of one-
and two-dimensional BEC in pairs of charged pions in
e+e− → Z → qq̄ events, recorded with the ALEPH detec-
tor at LEP in 1994. The results are compared with those
obtained from the analysis of events simulated with JET-
SET [16], including BEC. A study is made of the influence
of the quark flavour composition and the two-jet purity of
the analysed sample. The aim of this paper is to present a
statistically precise measurement of the BEC effect and to
survey the influence of the analysis methods on the results.

31 Supported by the Federal Office for Scientific, Technical
and Cultural Affairs through the Interuniversity Attraction
Pole P5/27.
32 Now at INP, Cracow, Poland.
33 Now at Laboratorium für Hochenergiephysik, Universität
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2 The correlation function

2.1 Definition and parametrisation

In order to analyse BEC between pairs of bosons a corre-
lation function C2 is defined by

C2(p1, p2) =
P (p1, p2)

P (p1)P (p2)
, (1)

where p1 and p2 are the four-momenta of the two bosons,
P (p1, p2) is the two-particle probability density function
and P (p1), P (p2) represent the single particle probability
densities. P (p1, p2) corresponds to the two-particle differ-
ential cross section and can be measured experimentally,
whereas the product P (p1)P (p2) is more difficult to as-
sess and is usually replaced by the two-particle distribu-
tion P0(p1, p2), which corresponds to P (p1)P (p2) in the
absence of BEC. P0(p1, p2) is referred to as the reference
sample. The commonly used parametrisation of C2 as a
function of Q is the Goldhaber parametrisation [1, 17],

C2(Q) = 1 + λe−Q2R2
, (2)

where λ is related to the fraction of particles which inter-
fere and is often denoted as the coherence strength factor,
meaning λ = 1 for fully incoherent and λ = 0 for fully co-
herent sources. The parameter R is interpreted as the radius
of the source, assumed to be spherical in this parametri-
sation [18]. In order to describe the correlation function
obtained from data a modified version of (2) is used:

C2(Q) = N [1 + λe−Q2R2
][1 + εQ], (3)

where N is the overall normalisation factor and the linear
term accounts for long-range correlations outside the region
of BEC.

In order to compare the analysis results with the predic-
tions of BEC in the Lund string model for bosons produced
in e+e− → qq̄ events, C2 has to be described as a function
of components of Q in the rest frame of the string between
the initial qq̄ pair. Such a frame is the Longitudinal Centre-
of-Mass System (LCMS) which is defined for each pair of
particles as the coordinate system in which the momen-
tum sum of the two particles is perpendicular to a chosen
reference axis of the event [12]. The reference axis has to
be a physical axis of the process which in two-jet events
can be chosen as the jet direction or the direction of the
primary parton in e+e− annihilation. In the present anal-
ysis the thrust axis was chosen as the reference axis, since
in events with a two-jet topology it approximates well the
direction of the initial quark pair. In the LCMS the four-
momentum difference Q is decomposed into QL, parallel,
and QT, perpendicular to the thrust axis. In analogy to (3)
the correlation function in terms of QT and QL then reads:

C2(QT, QL)

= N
(
1 + λe−R2

TQ2
T−R2

LQ2
L

)
(1 + εTQT + εLQL) . (4)

2.2 Measurement of the correlation function

Experimentally the two-dimensional correlation function is
obtained from the ratio of the distributions of the number
of identical boson-pairs, N±±(QT, QL), to the number of
pairs in the reference sample, N ref(QT, QL):

rref(QT, QL) =
N±±(QT, QL)
N ref(QT, QL)

. (5)

Ideally, the reference sample must contain all features
present in the distribution of like-sign pairs, except BEC,
and must not contain additional correlations induced by the
sample preparation. Constructing such a reference sample
is the major experimental problem in this kind of analysis.

A common method to obtain the reference sample is
to pair bosons of the same kind but with opposite electric
charge, which is referred to as the unlike-sign reference
sample. The main disadvantage of this kind of reference
sample is the inclusion of correlations due to resonance
decays in the distribution of the number of unlike-sign
pairs, N+−(QT, QL).

Another frequently used method is the event-mixing
method, i.e. a mixed reference sample, Nmix(QT, QL), is
constructed, where the same kind of particles stemming
from different events with similar topological and kine-
matical structure are paired. In the present analysis the
mixed reference sample was constructed in the following
way: first, all events are rotated to a coordinate system
which has the z-axis along the thrust axis. A buffer of M
events is created and each track from the current event is
paired with a randomly chosen track from each event in the
buffer. The buffer size, M = 17, was chosen according to
the average charged track multiplicity of the data sample.
For each new current event the buffer is updated. Of course,
the event-mixing method removes not only BEC, but also
other correlations such as kinematical correlations.

It is important to note that the two methods employed
in this analysis to obtain the reference sample represent
rather extreme cases in terms of correlations: while the
event-mixing method removes further correlations than
just BEC, the unlike-sign method induces additional un-
wanted correlations.

To correct for the inadequacies of the reference sample
and for detector acceptance effects the ratio rMC

ref (QT, QL)
is computed using a sample of Monte Carlo events with-
out BEC simulation included. The measured two-particle
correlation function C2(QT, QL) is then obtained from the
double-ratio:

C+−
2 (QT, QL) =

rdata
+− (QT, QL)
rMC
+− (QT, QL)

and (6)

Cmix
2 (QT, QL) =

rdata
mix (QT, QL)
rMC
mix(QT, QL)

,

where the subscripts “+−” and “mix” refer to the different
kind of reference samples. The four distributions, N±±

data,
N±±

MC , N ref
data, N

ref
MC, needed to compute the two-dimensional
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correlation function (6), were filled into two-dimensional
histograms. Taking into account the available statistics and
the resolution inQ, estimated from the simulation, a bin size
of 40 MeV/c was chosen. The same procedure was applied
to obtain the one-dimensional correlation function, C2(Q),
except that in this case the distributions are accumulated
in 20 MeV/c bins of the Lorentz-invariant four-momentum
difference Q.

3 The ALEPH detector
The ALEPH detector is described in detail in [19] and
its performance in [20]. The tracking system consists of
two layers of double-sided silicon vertex-detectors (VDET),
an inner tracking chamber (ITC) and a time projection
chamber (TPC). The VDET single hit resolution is 12µm
at normal incidence for both the rφ and rz projections and
22 µm at maximum polar angle. The polar angle coverage of
the inner and outer layers are | cos θ| < 0.84 and | cos θ| <
0.69 respectively. The ITC provides up to 8 rφ hits at radii
16 to 26 cm relative to the beam with an average resolution
of 150 µm and has an angular coverage of | cos θ| < 0.97.
The TPC measures up to 21 space points per track at radii
between 38 and 171 cm, with an rφ resolution of 170µm
and a z resolution of 740µm and with an angular coverage
of | cos θ| < 0.96. In addition, the TPC wire planes provide
up to 338 samples of ionisation energy loss (dE/dx).

The TPC, ITC and VDET are immersed in a 1.5 T
axial magnetic field. Combined they provide a transverse
momentum resolution of σ(1/pT ) = 0.0006 (GeV/c)−1 for
45 GeV muons. Multiple scattering dominates at low mo-
mentum and adds a constant term of 0.005 to σ(pT )/pT .

Outside of the TPC, the electromagnetic calorimeter
(ECAL) consists of 45 layers of lead interleaved with pro-
portional wire chambers. The ECAL is used to identify pho-
tons and electrons and gives an energy resolution σ(E)/E

= 0.18/
√

E/GeV+0.009 for isolated particles. The hadron
calorimeter (HCAL) is formed by the iron of the magnet
return yoke interleaved with 23 layers of streamer tubes. It
is used to measure hadronic energy and, together with two
surrounding layers of muon chambers, to identify muons.

The information from the subdetectors is combined in
an energy flow algorithm [20] which gives a list of charged
and neutral track momenta.

4 Data selection
In this analysis data accumulated in 1994 with the ALEPH
detector at centre-of-mass energies around

√
s =91.2 GeV

were used.
Only charged tracks in hadronic events were considered.

The non-hadronic background was reduced by selecting
only events which contained at least eight charged tracks
with at least 10% of the total centre-of-mass energy. Events
inside the acceptance region of the tracking system were
selected by requiring | cos(θthrust)| < 0.9, where θthrust is
the polar angle of the thrust axis.

In order to perform the mixing procedure correctly only
two-jet events were selected by requiring events with a

thrust value above 0.95. This selection also makes the def-
inition of the LCMS unambiguous, since the line of flight
of the initial quarks in e+e− → qq̄ events is then, to a good
approximation, represented by the thrust axis. From the
initial 2·106 events a total of about 8.5·105 events fulfilled
these selection criteria.

The tracking performance of the detector is of great im-
portance for this analysis, which requires an accurate track
reconstruction and good separation of nearby tracks with
small relative momenta. The high quality of reconstructed
tracks was guaranteed by requiring at least six hits in the
TPC and a polar angle, θ, with | cos(θ)| < 0.95. Since the
high voltage membrane inside the TPC is perpendicular to
the beam axis and goes through the origin of the coordinate
system, tracks which are nearly perpendicular to the beam
axis are likely to be split into multiple tracks with small
relative momenta. Therefore, tracks with θ values between
89◦ and 91◦ were disregarded.

Pairs of particles with at least one partner not produced
during hadronisation reduce the strength of the measured
BEC effect. Therefore, the number of secondary particles
stemming from long-lived decays, nuclear interactions and
fake tracks, was reduced by setting the maximum allowed
distance to the interaction vertex to 2 mm in the xy-plane
and to 6 mm in the z direction.

Remaining charged tracks which were identified as orig-
inating from decay products of neutral particles, V0’s (e.g.
K0

s and Λ), and tracks from nuclear interactions with detec-
tor material were also rejected [20]. Electrons from photon
conversions and Dalitz pairs were rejected by requiring
tracks with a measured dE/dx within four standard de-
viations of that expected for a pion and more than three
standard deviations away from the one expected for an
electron. To avoid kinematic correlations, which appear in
the limit of the allowed phase-space, only tracks with a
momentum smaller than 4.5 GeV/c were selected.

All tracks that passed these selection criteria were as-
sumed to be pions. Separation of K/π by means of the
specific energy loss by ionisation was not considered, since
the cross-over region of the respective Bethe-Bloch curves
lies in the allowed momentum range of the selected tracks.
However, the Monte Carlo simulation indicates that only
7.7% of the analysed tracks correspond to kaon tracks.

Pairs of like-sign tracks with an opening angle, θ12,
smaller than 2◦ are likely not to be resolved by the TPC
and were rejected. According to the simulation, 76% of the
selected track pairs are pion pairs.

Unless stated otherwise, all Monte Carlo events used in
the analysis were generated without BEC nor final-state
Coulomb and strong interaction between hadrons moving
away from the hadronisation region, using JETSET 7.4
with ALEPH tuning [21].

5 One-dimensional BEC

5.1 Results

The measured correlation functions, C+−
2 (Q) and Cmix

2 (Q),
obtained using ALEPH data, are shown in Fig. 1 for the
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Fig. 1.The one-dimensional correlation function measured with
ALEPH data using a the mixed reference sample, Cmix

2 (Q);
b the unlike-sign reference sample, C+−

2 (Q). The fit of (3)
is superimposed

region Q < 1.2 GeV/c. The bin size of Fig. 1 is 20 MeV/c,
to be compared with a typical resolution in Q of 5 MeV/c.

In both measurements a clear enhancement for Q �
0.4 GeV/c due to BEC can be observed. The superimposed
curve in Fig. 1 is the result of the fit to the Goldhaber
parametrisation, (3), in the region 0.04 < Q < 2 GeV/c.
The region Q < 40 MeV/c was excluded from the fit since
in this region the effects of Coulomb and strong interaction,
not included in the simulation, become important.

As a consequence of imperfections in the modelling of
the K0

S and the ρ0 resonance in the simulation, the regions of
the C+−

2 (Q) distribution sensitive to those particles cannot
be eliminated by taking the double ratio in (6). These
regions, 0.6< Q <0.98 GeV/c and 0.38< Q <0.44 GeV/c,
were excluded from the fit of C+−

2 (Q).
The χ2/ndf values in Table 1 show that (3) does not

describe the data. The slope of the solid curves for Q �
0.2 GeV/c in Fig. 1 indicates that a Gaussian source shape
can only be regarded as a first approximation. The resulting
numerical values of the fitted parameters given in Table 1
will be referred to as the “reference values” throughout the
discussion of the one-dimensional analysis. The correlation
between λ and R is +92% for Cmix

2 and +68% for C+−
2 .

The large discrepancy between the λ and R values esti-
mated from the two methods reflects the strong influence of
the chosen reference sample on the analysis results. In or-
der to check how the excluded regions influence the results,
Cmix

2 (Q) was also fitted with the same exclusion regions as
in the fit of C+−

2 (Q), which resulted in a negligible effect
on the fitted parameter values.

Table 1. The reference values obtained from the fit of (3) to
Cmix

2 (Q) and C+−
2 (Q)

Cmix
2 (Q) C+−

2 (Q)
N 0.948 ± 0.001 0.936 ± 0.001
λ 0.362 ± 0.006 0.438 ± 0.006
R (fm) 0.528 ± 0.005 0.777 ± 0.007
ε (fm) (0.768 ± 0.010) · 10−2 (0.905 ± 0.002) · 10−2

χ2/ndf 513 / 94 432 / 72

5.2 Study of systematic effects

5.2.1 Track selection

The systematic effects related to the track selection criteria
were estimated by repeating the analysis with a modified
set of selection cuts. The influence of the maximum allowed
trackmomentumwas investigated by repeating the analysis
for tracks with p < 3.5 GeV/c, p < 4 GeV/c, p < 5 GeV/c
and p < 5.5 GeV/c. The systematic uncertainty resulting
from the variation of this selection cut was taken as the
root mean square (RMS) of the deviation from the refer-
ence values. Likewise, the systematic uncertainty resulting
from the variation of the minimum allowed θ12 was re-
peated for θ12 > 0◦ and θ12 > 3◦. The largest systematic
uncertainty on λ, related to the track selection criteria,
resulted from increasing the distance of closest approach
to the interaction vertex to 2 cm in the xy-plane and to
10 cm along the z direction, which yields an uncertainty
of 5% when using the mixed and of 7% when using the
unlike-sign reference sample. Other systematic effects re-
lated to the track selection criteria were investigated by
selecting tracks with four TPC hits, or by removing one
selection cut at a time, such as the e− rejection, the cut on
the polar angle, 89◦ < θ < 91◦, or the V 0 rejection. The
largest uncertainty on the source radius, R, obtained with
the mixed reference sample, is due to the e− rejection cut,
4%. The systematic effects related to the track selection
criteria have only an effect of less than 2% on the radius
R when using the unlike-sign reference sample.

In order to include the systematic effects due to the finite
detector resolution in Q, the analysis was repeated using a
bin width of 50 MeV/c. The influence of long-range corre-
lations was estimated by varying the upper limit of the fit
range, Qmax, between 1.8 GeV/c and 2 GeV/c. The largest
deviation from the reference values, resulting from this vari-
ation was taken as the corresponding uncertainty, yielding
an effect of the order of 2% and 1% for the unlike-sign and
the mixed reference sample, respectively. The total sys-
tematic uncertainty related to the effects presented in this
subsection was computed by adding all the contributions in
quadrature. This yielded ∆λ = 0.032, ∆R = 0.026 fm for
the parameter values obtained using the mixed reference
sample. Using the unlike-sign reference sample the total
systematic uncetainty is ∆λ = 0.046 and ∆R = 0.033 fm.

5.2.2 Analysis procedure

There are sources of systematic effects which are intro-
duced by the choice of the reference sample. The only free



The ALEPH Collaboration: Two-dimensional analysis of Bose-Einstein correlations in hadronic Z decays at LEP 153

parameter in the mixing procedure used in this analysis
is the chosen buffer size, M . The systematic uncertainty
related to this parameter was accounted for by repeating
the analysis for 18 ≤ M ≤ 30 and taking the RMS of the
deviation from the reference values, yielding an uncertainty
of less than 1%, ∆λ = 0.003 and R = 0.006 fm.

A source of systematic effects which is only related
to the unlike-sign reference sample is the choice of the
excluded regions from the fit. The corresponding system-
atic uncertainty was estimated by repeating the fit with
different choices of the excluded regions, for each of the
two regions separately: the range of the K0

S peak was var-
ied between [0.34, 0.44] GeV/c and [0.38,0.46] GeV/c; the
range of the ρ0 resonance between [0.66,0.96] GeV/c and
[0.56,1.00] GeV/c. The largest deviation of the thus ob-
tained parameter values from the reference valueswas taken
as the systematic uncertainty, giving 2% for the K0

S region,
∆λ = 0.010 and ∆R = 0.012 fm. The variation of the ρ0

resonance region yielded an uncertainty ∆λ = 0.008 and
∆R = 0.024 fm.

5.2.3 Quark flavour composition

Due to the long lifetime and large mass of b-hadrons, their
decays are characterised by many decay products with
large impact parameter, defined as the distance of clos-
est approach between a daughter track and the b produc-
tion point. Pions stemming from such decays are likely to
be paired with a pion produced during the hadronisation
phase and hence reduce the fraction of pion-pairs which
are subject to BEC. The influence of the uds-purity of
the analysed sample on the measured correlation function,
Cmix

2 (Q), was studied using a b-tagging algorithm [22]. As a
consequence λ was found to increase with uds-purity, from
λ = 0.362 ± 0.006 (reference value) with an uds-purity of
61% to λ = 0.497 ± 0.006 with an uds-purity of 82%. In
contrast to this, the measured source radius, R, which is
the most interesting parameter in this analysis, remained
fairly constant.

5.3 Monte Carlo studies

In the data a systematic difference is observed between
results obtained with the two kinds of reference samples.
Detailed analyses of BEC in Monte Carlo generators have
been presented in previous papers [23, 24]. In this paper
Monte Carlo studies of BEC have been included in order to
further investigate in which way the reference sample influ-
ences the results. For this study a sample of 4.75·105 events
generated with JETSET was used. Bose-Einstein effects are
simulated in JETSET in such a way as to reproduce the
shape of the two-particle correlation function according
to C2(Q) = 1 + λinpute

−(QRinput)2 , where λinput and Rinput
are the input parameters. Their values, λinput = 1.12 and
Rinput = 0.595 fm, were taken from a global fit to the
PYBOEI [25] model implemented in the PYTHIA Monte
Carlo generator [16], version 6.1. The global fit of free pa-
rameters of the model, including both the BEC parameters

and the QCD parameters, was made to the hadronic Z data
used in the present analysis.

The measured correlation functions, C+−
2,MC+BEC(Q)

and Cmix
2,MC+BEC(Q), were obtained according to (6). In

order to better extract the characteristics of the BEC sim-
ulation in JETSET, without the effects introduced by the
mixed and the unlike-sign reference samples, the correla-
tion function was also estimated from the ratio:

R2,MC+BEC(Q) =
N±±

MC+BEC(Q)
N±±

MCnoBEC(Q)
(7)

The correlation functions obtained from the JETSET
sample are shown in Fig. 2, together with the fit of (3). In
order to compare these results with the ones obtained from
data, the same fit regions (excluding the same regions in
the fit of C+−

2,MC+BEC(Q)) as in the previous fits were used.
The resulting distributions of the three correlation func-

tions, shown in Fig. 2, are qualitatively compatible with the
ones obtained from the ALEPH data (Fig. 1): an enhance-
ment is observed for Q � 0.4 GeV/c and a slope larger than
that expected for a Gaussian for Q � 0.2 GeV/c. As in the
data, the result depends on the choice of reference sample.

In agreement with [26], the comparison of the results
of the fitted parameters in Table 2 with the input param-
eters, λinput and Rinput, shows that the fit of (3) to the
correlation function does not yield the chosen input pa-
rameter values used in the analysed JETSET sample. This
is also observed in the case where the correlation function
is obtained from the single ratio, (7), which indicates that
this outcome is a feature of the particular implementation
of BEC in JETSET.
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Fig. 2. The one-dimensional correlation function measured in
events generated with JETSET 7.4, including BEC simulation.
The fit of (3) is superimposed
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Table 2. The values obtained from the fit of (3) to the correlation function in the
Monte Carlo simulation

Cmix
2,MC+BEC(Q) C+−

2,MC+BEC(Q) R2,MC+BEC(Q)
N 0.923 ± 0.013 1.158 ± 0.002 0.804 ± 0.001
λinput 1.120 1.120 1.120
λ 0.325 ± 0.032 0.252 ± 0.006 0.451 ± 0.004
Rinput (fm) 0.595 0.595 0.595
R (fm) 0.611 ± 0.075 0.695 ± 0.012 0.574 ± 0.001
δ (fm) (0.912 ± 0.225) · 10−2 (0.455 ± 0.032) · 10−2 (0.190 ± 0.003) · 10−1

χ2/ndf 104 / 94 94 / 72 133 / 94

6 Two-dimensional BEC

6.1 Results

The measured two-dimensional correlation functions,
Cmix

2 (QT, QL) and C+−
2 (QT, QL), are shown in Fig. 3.

It should be noted that the histograms shown in Fig. 3
have a coarser binning (100 MeV/c) than the ones used
in the analysis. The result of the fit of (4) in the re-
gion 0.04 GeV/c < QT, |QL| < 1.2 GeV/c is displayed in
Figs. 3c–f, together with the projections of C2 onto the QT
and QL axes. In order to avoid the regions of C+−

2 (QT, QL)
sensitive to the K0

S and the ρ0 resonance, the ranges
0.38 GeV/c <

√
Q2

T + Q2
L < 0.44 GeV/c and 0.6 GeV/c <√

Q2
T + Q2

L < 0.98 GeV/c were excluded from the fit of
C+−

2 (QT, QL). In the followingdiscussion of the two-dimen-
sional analysis the parameter values resulting from this fit
(Table 3) will be referred to as the “reference values”.

As predicted by the Lund string model [11], a difference
between the transverse, RT, and the longitudinal correla-
tion radius, RL, is observed. This is an indication for an
elongation of the pion emission region, with respect to the
jet axis. The correlation between RT and RL, +29% for
Cmix

2 and +20% for C+−
2 , is taken into account in the

statistical error of RT/RL.
A large discrepancy is seen between the fitted param-

eter values obtained using the mixed and the unlike-sign
reference samples. As seen in Table 3 and from the com-
parison with previous results [13–15] the BEC parameter
values obtained using the unlike-sign reference sample tend
to be larger than the ones obtained with the mixed refer-
ence sample.

Table 3. Reference values obtained from the fit of (4) to
Cmix

2 (QT, QL) and C+−
2 (QT, QL)

Cmix
2 (QT, QL) C+−

2 (QT, QL)
N 1.033 ± 0.002 0.992 ± 0.002
λ 0.310 ± 0.005 0.384 ± 0.007
RT (fm) 0.470 ± 0.007 0.788 ± 0.010
RL (fm) 0.767 ± 0.011 0.870 ± 0.019
RT
RL

0.612 ± 0.010 0.906 ± 0.020

εT (fm) (−0.139 ± 0.004) · 10−1 (−0.421 ± 0.064) · 10−2

εL (fm) (−0.614 ± 0.227) · 10−3 0.113 · 10−9 ± 0.118 · 10−2

χ2/ndf 2297 / 1792 1810 / 1158

Table 4. Parameter values obtained from the fit of the Edge-
worth expansion (8) to Cmix

2 (QT, QL) and C+−
2 (QT, QL)

Cmix
2 (QT, QL) C+−

2 (QT, QL)
N 1.010 ± 0.002 1.015 ± 0.004
λ 0.337 ± 0.005 0.361 ± 0.007
RT (fm) 0.505 ± 0.009 0.779 ± 0.010
RL (fm) 0.746 ± 0.012 0.929 ± 0.022
RT
RL

0.677 ± 0.013 0.839 ± 0.020

εT (fm) (−0.324 ± 0.073) · 10−2 (−0.159 ± 0.016) · 10−1

εL (fm) (−0.158 ± 0.041) · 10−2 (−0.017 ± 0.268) · 10−3

κT (−0.648 ± 0.042) · 10−2 (0.161 ± 0.020) · 10−2

κL (0.300 ± 0.105) · 10−3 0.165 · 10−6 ± 0.205 · 10−3

χ2/ndf 2186 / 1792 1765 / 1158

Both reference samples yield large χ2/ndf values (Ta-
ble 3), indicating that the shape of the pion source is notwell
described by the two-dimensional Goldhaber parametrisa-
tion, similar to the one-dimensional case.

A slightly better fit quality was obtained by using the
Edgeworth expansion as described in [14]:

C2 = N
(
1 + λe−R2

TQ2
T−R2

LQ2
L

)
(1 + εTQT + εLQL)

×
[
1 +

κL

3!
H3 (RLQL)

] [
1 +

κT

3!
H3 (RTQT)

]
, (8)

where κi (i = L, T) is the third-order cumulant moment in
the corresponding direction and H3(RiQi) = (

√
2RiQi)3−

3
√

2RiQi is the third order Hermite polynomial. The sys-
tematic differences between the results obtained from the
two kinds of reference samples remain (cf. Table 4).

6.2 Study of systematic effects

In order to take into account correlations between RT and
RL, the systematic uncertainty of RT/RL was estimated
with respect to the result of the fit with a modified version of
(4),whereRT/RL is taken as the complementary parameter
to RL:

C2 (QT , QL) = N
(
1 + λe−R2

L((R2
T /R2

L)Q2
T +Q2

L)
)

× (1 + εTQT + εLQL) . (9)
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Fig. 3. The measured two-dimensional correla-
tion function a obtained using the mixed refer-
ence sample, Cmix

2 (QT, QL) and its projection onto
c the QL and e the QT axes; b obtained using the
unlike-sign reference sample, C+−

2 (QT, QL) and
its projection onto d the QL and f the QT axes

The fit to (9), performed in the same regions used for
the computation of the reference values, yields RT/RL =
0.612±0.012, RL = 0.767±0.012 fm for Cmix

2 and RT/RL =
0.906 ± 0.010, RL = 0.870 ± 0.008 fm for C+−

2 , which is
consistent with the reference values.

6.2.1 Track selection

In analogy to the one-dimensional analysis the systematic
uncertainty was estimated by varying the selection crite-
ria as described in Sect. 5.2. The largest thus estimated

systematic effect resulted from the variation of the allowed
momentum range, 2% on RT, 3.6% on RL and 3.4% on
RT/RL when using the mixed reference sample. Similarly,
the most important contributions to the systematic un-
certainty on the parameters obtained from C+−

2 (QT, QL)
come from the variation of the minimum allowed θ12 value,
2% on RT, 1% on RL and RT/RL, from accepting tracks
with at least four hits in the TPC, 2% on RT, RL and
RT/RL, and from the e− rejection cut, 1% on RT and RL
and 2% on RT/RL.
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Table 5. The parameter values resulting from the fit of the correlation function as measured
from a JETSET sample with BEC simulation included

Cmix
2,MC+BEC(QT, QL) C+−

2,MC+BEC(QT, QL) R2,MC+BEC(QT, QL)
N 0.938 ± 0.005 0.975 ± 0.006 0.790 ± 0.003
λinput 1.12 1.12 1.12
λ 0.298 ± 0.011 0.263 ± 0.012 0.478 ± 0.008
Rinput (fm) 0.595 0.595 0.595
RT (fm) 0.527 ± 0.018 0.651 ± 0.028 0.502 ± 0.007
RL (fm) 0.621 ± 0.023 0.682 ± 0.039 0.615 ± 0.010(

RT
RL

)
input

1 1 1
RT
RL

0.848 ± 0.038 0.955 ± 0.055 0.816 ± 0.016

εT (fm) (0.617 ± 0.140) · 10−2 (0.038 ± 0.158) · 10−2 0.033 ± 0.001
εL (fm) (0.326 ± 0.478) · 10−3 0.606 · 10−11 ± 0.131 · 10−3 (0.484 ± 0.312) · 10−3

χ2/ndf 1839 / 1792 1199 / 1158 1994 / 1792

The contribution to the systematic uncertainty due to
the resolution in Q was estimated by increasing the bin
size to 100 MeV/c which gave no relevant contribution.

The total systematic uncertainty related to the effects
discussed here, was computed by adding all the contribu-
tions in quadrature. This yielded ∆λ = 0.030, ∆RT =
0.020 fm, ∆RL = 0.040 fm and ∆RT/RL = 0.028 for
the parameters obtained from Cmix

2 . The computation of
the total systematic uncertainty of the parameters ob-
tained from C+−

2 yielded ∆λ = 0.043, ∆RT = 0.018 fm,
∆RL = 0.030 fm and ∆RT/RL = 0.033

6.2.2 Analysis procedure

The systematic uncertainty related to the buffer size was
taken as the RMS of the deviations from the reference
values when using buffer sizes 18 ≤ M ≤ 30. This yielded
an uncertainty of ∆λ = 0.004, ∆RT = 0.005 fm, ∆RL =
0.023 fm and ∆RT/RL=0.014.

The effect of the regions sensitive to the K0
S and the

ρ0 resonance in the case of C+−
2 (QT, QL) was investi-

gated by repeating the fit with new exclusion regions, Q /∈{
[0.34, 0.44] . . . [0.38, 0.46]

}
GeV/c and Q /∈ {

[0.66, 0.96]
. . . [0.56, 1.00]

}
GeV/c,whereQ =

√
Q2

T + Q2
L. The largest

deviation of the thus obtained parameter values from the
reference values was taken as systematic uncertainty. From
the variation of the region about the K0

S peak an uncer-
tainty ∆λ = 0.002, ∆RT = 0.004 fm, ∆RL = 0.015 fm and
∆RT/RL = 0.020 turns out. The variation of the ρ0 res-
onance region gives an uncertainty ∆λ = 0.006 ∆RT =
0.012 fm, ∆RL = 0.031 fm and ∆RT/RL = 0.017.

6.2.3 Quark flavour composition

The influence of the uds-purity was investigated in anal-
ogy to Sect. 5.2.3, using a b-tagging algorithm [22]. For
this study only the correlation function as measured with
the mixed reference sample was considered. The results of
this investigation are in good agreement with the findings

presented in Sect. 5.2.3: the parameter λ increases with
uds-purity, while the correlation radii, RT and RL, remain
fairly constant.

6.3 Monte Carlo studies

In analogy to Sect. 5.3 the correlation function was mea-
sured using a sample of 4.75 · 105 events, generated with
JETSET with BEC simulation turned on, with input pa-
rameters λinput = 1.12, RT,input = RL,input = 0.595 fm.
The algorithm implemented in JETSET to simulate BEC
assumes (RT/RL)input = 1.

The results of the fit of (4) to Cmix
2,MC+BEC(QT, QL),

C+−
2,MC+BEC(QT, QL) and R2,MC+BEC(QT, QL) are given

in Table 5. The fit regions are the same as those used for
the computation of the reference values.

It turns out that, although the BEC algorithm as-
sumes a spherically symmetric emission region, the fit of
Cmix

2,MC+BEC(QT, QL) yields RT/RL < 1. The fact that also
in the case of R2,MC+BEC(QT, QL) the ratio RT/RL is
smaller than unity indicates that the difference between
the correlation radii must be attributed to the particular
mechanism used to simulate BEC in JETSET, cf. [27].

6.4 BEC parameters as a function of the two-jet purity

In order to explore the relevance of the two-jet purity, which
is determined by selecting only events with thrust values
larger than a chosen cut-off value, T > Tcut, the correlation
functions Cmix

2 (QT, QL) and C+−
2 (QT, QL) were measured

with Tcut varied between 0.90 and 0.97. The outcome of this
survey, displayed in Fig. 4, is a further confirmation of the
systematic difference between the results obtained using
the mixed and the unlike-sign reference sample. The results
obtained from Cmix

2 (QT, QL) in Figs. 4(a) and 4(b) show
that RT falls with Tcut, and that RL fluctuates within 4%.
As a consequence, RT/RL decreases with Tcut (Fig. 4(c)).
On the other hand, the correlation radii obtained from
C+−

2 (QT, QL) as a function of Tcut behave differently: while
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Fig. 4a–f. The correlation radii RT and RL and the corresponding ratio RT/RL as a function of the two-jet purity

RT remains constant, RL increases with Tcut > 0.93. In
addition, the influence of the two-jet purity on the cor-
relation radii, as obtained from R2,MC+BEC(QT, QL), was
investigated. It turned out that RT stays constant with
Tcut ≤ 0.92 and then starts to increase linearly. On the
other hand, RL has a plateau with Tcut ≤ 0.94 and then
decreases linearly.

7 Conclusions

A statistically precise measurement of the Bose-Einstein
correlation (BEC) function for pairs of charged pions is pre-
sented. The results of the fit of the Goldhaber parametrisa-
tion to the measured correlation functions, obtained using
the mixed and the unlike-sign reference samples, are given
in Table 6 for events with thrust T > 0.95. In both cases
the fit quality is poor, which indicates that a single-variable
Gaussian distribution represents only a rough approxima-
tion of the shape of the charged pion emission region.

The results of the one-dimensional analyses published
by the ALEPH [7], DELPHI [8], L3 [9] and OPAL [10]
collaborations are listed in Table 6. The values for the
correlation radius,R, agree qualitativelywith respect to the
same kind of reference sample. Less agreement is observed

between the different values for the coherence strength
factor, λ, that depends on the purity of the selection.

The results of the two-dimensional analysis of BEC
in charged pion-pairs indicate that the longitudinal size
of the pion emission region in e+e− → Z → qq̄ events is
larger than the transverse one. In Table 7 the values for
the correlation radii obtained from ALEPH data for events
with T > 0.95 are given, together with the values published

Table 6. The one-dimensional analysis results given by the
LEP experiments. Only statistical errors are shown

reference sample λ R (fm)
present study mixed 0.36 ± 0.01 0.53 ± 0.01

unlike-sign 0.44 ± 0.01 0.78 ± 0.01
ALEPH old mixed 0.30 ± 0.11 0.51 ± 0.16

unlike-sign 0.48 ± 0.03 0.81 ± 0.04
DELPHI mixed 0.24 ± 0.02 0.47 ± 0.03

unlike-sign 0.31 ± 0.02 0.83 ± 0.03
L3 mixed 0.29 ± 0.01 0.46 ± 0.01
OPAL unlike-sign 0.87 ± 0.03 0.93 ± 0.02
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Table 7. The two-dimensional analysis results given by the LEP ex-
periments. Only statistical errors are shown

reference sample RT (fm) RL (fm) RT/RL

ALEPH mixed 0.47 ± 0.01 0.77 ± 0.01 0.61 ± 0.01
unlike-sign 0.79 ± 0.01 0.87 ± 0.02 0.91 ± 0.02

DELPHI mixed 0.53 ± 0.02 0.85 ± 0.02 0.62 ± 0.02
L3 mixed 0.59 ± 0.01 0.74 ± 0.02 0.80 ± 0.02
OPAL unlike-sign 0.81 ± 0.01 0.99 ± 0.01 0.82 ± 0.04

by DELPHI [13], L3 [14] and OPAL [15]. The L3 and
OPAL collaborations have both published the results of
a three-dimensional analysis, the corresponding values for
RT in Table 7 refer to the component perpendicular to the
momentum sum.

The correlation radii RT and RL and the ratio RT/RL
were studied as a function of the two-jet purity by varying
the thrust-cut, Tcut, between 0.90 and 0.97. The correlation
radii as a function of Tcut behave differently when using
the mixed and the unlike-sign reference sample. Using the
mixed reference sample, RT decreases with two-jet purity,
while RL is constant within 4%. Using instead the unlike-
sign reference sample, the correlation radius RT is inde-
pendent of Tcut, while RL stays constant within 6%. The
influence of the quark-flavour composition on the results
was studied, showing that the coherence strength factor
λ increases with uds-purity, while the correlation radii R,
RT and RL are not affected.

The outcome of this analysis shows that the choice of
reference sample and the two-jet selection criterion used
for the analysis have to be taken into account, in order to
give an adequate interpretation of the obtained parameter
values and to ensure a good comparison with results from
other experiments.
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